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1. Introduction. A common problem faced by an experimenter is one of
comparing several categories or populations. The classical approach to
this problem has been to use a test for homogeneity, i.e., to test whether

all categories (populations) are identical or not. This approach is not

always realistic and it is often inadequate. The inadequacy lies in the
fact that only two decisions, accept or reject the hypothesis, are available
to the experimenter. The experimenter is then faced with fhe problem of
what to do next, especially if the hypothesis is rejected. These difficulties
and inadequacies may be alleviated by formulating the problem as multiple
decision problems aimed at selection or ranking (ordering) of the k populations.
This has led to the rapid development of selection and ranking theory during the
last two decades. Many reasonable rules have been proposed. Some desirable
properties of these ru'es have been studied. However, very little work has
been done to study the optimality of selection procedures, especially in the
subset selection approach. In this paper, we are interested in deriving some
methods to construct optimal subset selection procedures. Some classical
selection rules are constructed as special cases.

Let my,m,,...,m represent k(> 2) populations (treatments) and let

xil""'xin. be n; independent random observations from m The quality of
i
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75-C-0455 at Purdue University. Reproduction in whole or in part is permitted
for any purpose of the United States Government.




the ith population " is characterized by a real-valued parameter 04s usually

unknown. Let u = lglg' = (u‘.....ok)} denote the whole parameter space.
Let oy = tij(g) be a measure of separation between ny and n,. We assune that

there exists a monotonically nonincreasing function h such that T i h(lij).

Let o, = {Qlt1J 21 J t i), 1 <i <k, and ¢y = Q-0, where @ = U @y Thus

i=1
k
) = ()szi is a partition of @. For this problem, we assume 0 and tyj as
1=0
known with ¢y > .y for all i. Let 7 e ?;? T 1 <1< k. We define
t* = max Ty The population associated with 1* will be called the best
]\'L‘_\k

population. It shoula be pointed out that if o € ;s then . > ¥ for all j.
since for some j, j t i, T h(TiJ) < h(ro) < h(tii) = l‘iz\ ‘0" Thus if
0 Eiui. then F is the best population. A selection of a subset containing
the best population is called a correct selection (CS). (Note that in case

of ties any one of the best populations corresponding to * is "tagged" as the

best population.) To illustrate the above notation, we assume that the observa-

tions are drawn from n which has a normal distribution with unknown mean

0, (i = 1,...,k) and known variance 02. We can define Gy " oi-uj; then it

can be seen that «, = 950rx] if 04 < 0y and v, = 94-0rk-i] if o, = k]’

where u[]] £ ane X u{k]’ In this case, Si. 0 for all i. Thus the population
with the largest meun, Olk]’ is the best. If instead Uiy = oj~ui then the popula-

tion with the smallost mean al‘] would be the best. In the above example, we
have h(t) = -t which is a decreasing function.
Let the observed sample vector be denoted by X' = (gi....‘gi) where X,

has components xi‘.....x Lo Leveigh, LEt & = (6,....,ck) be a selection

in,’
i
procedure where Gi(§) is the probability of selecting " (1 < 1 < k) based on

the observed vector X = x from t'e k populations. As measures of goodness or

{




optimality of a selection rule, consider two quantities (cf. Lehmann [1])
' k
R(0.6) and S(0,8). We define S(0,8) = P (CS[6) and R(0,8) = Y R‘P)(0,0.),
. ‘ - v 0 15 s
where R(‘)(Q.éi) = P{Selecting nilé}. Let S be the size of the selected

.subset. Thus R(8,8) = E(S|8). For a specified y, (0 < y < 1), we may

restrict our attention to the class € of all & such that

(1) $(0,8) » y for 0 € Q. ‘

We are interested in constructing an optimal procedure 60 in % which minimizes

the supremum of R(8,8) over o for all s € ¥, i.e.,

(2) sup R(g.do) = min sup R(0,6).
o€ se¥oen

We restrict attention to those selection procedures which depend upon the
observations onlythrough a sufficient and maximal invariant statistic Zij

which are defined as follows:

Zij = f(Xi]....,Xini; Xj],...,Xjnj).

This Zij is based on the n; and nj observations from n and nj 8 B TG S
respectively. It is well known that the distribution of Zij depends only on

Gt For any i, let the joint density of Zij' Jjt i, be pn(gi). Let p“(g‘) be

denoted by po(gi) when i) *+--% Ty T T4y = constant and by pi(gi) when

x

T4 T G T tgr 1 21 < k. In a given problem the function f is so chosen

as to indicate the measure of separation between the populations in a

reasonable way. In case of the above normal means example, a choice of
]
i
= l—— = ]
Z1j might be 21 - XJ. where Xi Z] X;, and Rj

n.
XJx Let v b
tpe et v be a
o 51 It

o-finite measure on Rk".



Oosterhoff [2) defines a monotone likelihood ratio for a random vector
X with m components as folJows: Let ¢ be an m-dimensional vector of paraweters.
A partial ordering of points in R" is defined by NS X 5; - ("il"""‘im)‘
i = 1,2, meaning that X1j < X2j for j = 1,2,....,k, and the inequality 1is
strict for at least one component. The density fo(é) has monotone Jikelihood
ratio (M‘.R) if for all 9 = fgz(:_&)/fgl(:_() is ;ondettl‘easilnga in x.

Now we state and prove a theorem which provides a solution to the

restricted minimax problem as stated in (1) and (2) (cf Lehmann [1]).

Theorem: Suppose that the density pe(g) has the MLR prupertv. I f R(\_\,\\\))

is maximized at 3 G T constant, for all i,j, where \~0 1S qiven by

0
‘s‘(fi) e '\.i " ,

0 < .
(

such that c¢(~ 0) and \, are determined by fs(‘.)pi = yy 1 <1 <k, Then

i
\\.0 = (o?.....ae) minimizes sup R(g.d) subject to inf S(0,8) - .

N L3
Proof. For any S€ ¥,
0 €1 implies 0 €, for some i, thus
S(048) = [85(2;)pg(2i)dv(z,) > min inf s (2;)p,(2;)du(z;).
» 1<ick 96521 -
We have

inf S(e,8) = min  inf Iai(fi)pa(zi)d\’(fi)‘
o€ 1<i<k §s31 -

Hence for any S € ¢, inf I‘Si(si" "o(ﬁ"i)d"(fi) S ye 1 <4 <k, and by the
] -

i3
==
assumption that fé?p, =y, it follows that




0 b
l(‘\"‘\‘)(p"cPo) % 0 Ei
which implies )

0 :
161 Po = Ié‘po'
By the assumption, 6?(5i) is nondecreasing in Zis we have

inf S(g.ﬁo) = min ja?pi .y
(_fﬂ ‘:i\k

1f R(g.ao) is maximized at 3 ek /" S constant, for all i,j, then
i g b X
sup R(§,8) > § [&.p, > 85Pn = sup R(0,87),
o€ o1 T V9 gy TN een

which completes the proof.

Example: Let LRAPIEERRLI be k independent normal populativns with means
R REERRLN and common variance u2 = 1, Qur interest is to select a nonempty
subset of the k populations containing the best. The ordered ai‘s are
denoted by 0[‘] gl O[kJ' It is assumed that there is no prior knowledge
of the correct pairing of the ordered and the unordered ni's. Our goal is
to select a nonempty subset of the k populations so as to include the
population associated with o[k].
Let ii‘ 1 « i <k, denote the sample means of independent samples of size
n from these populations. Let the joint 1ikelihood function of xi. i=1,2,....k, be

3
g,(x) = n g, (x,),
B R B
n - 2
: - < B (Ry-0,)
where go‘(x‘) - Zh,.e R o LAY Ry 1M
ven

T v t”(t_)) = Oi-ﬁj. EEEE " E S P e 0, 0 " A > 0 and
r"?ij - Ri"xjo j * ‘. Let !; - (l”.-...lik) and l; - ((i“-..‘(ik)‘




6 :,k
k-1 i3
Po(2;) = (2v) © IXl'l/Zexp(-(g‘-gi)'X'](gi-gi)). &
1 S bk _
{ where }(k-l)x(k—l) - Mz ) is the positive definite covariance matrix
: j- g
4 of ZiJ's. We know that
Pi(24) A vl 9
v = exp{ziz 'a + A'L 'z2.-A'% A
oolE] " PEEE Ty
is nondecreasing i lij' J$ i, where &' = ( JA). And
Pi(z) w
Pol2;)
is equivalent to
i (3) Ko Er LRy e
E Jti
For any i, let uy % (“j'ei)' we have
Jti
ui - U‘kei
k
where . = 0 Hence, uy = wy =...= u if and only if o) = 0, =...= 0.
371

We order u.'s as 1] SeeS g Since

k
R(0,8) = ¥ PR, » W, R d)
: izl e j%i J

3
L [e0RT- oy vy - 4)de(y)

f(u]’- .. .uk)

|~

f(u[]].....u[]])
f(o

[k]“"‘g[k])

%




= ${0y...:0)
R((_)!'\‘) )

hence, it follows that the supremum of R(g.ao) over . occurs at o,

"

I T PR ). Thus the result of the theorem can be applied.

J it
Note that the above procedure (3) is a rule of the type proposed by
Seal (3] to select a subset containing the population associated with the

largest oi's.
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